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TRIEBEL-LIZORKIN CAPACITY AND HAUSDORFF MEASURE IN
METRIC SPACES
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Abstract. We provide a upper bound for Triebel-Lizorkin capacity in metric settings in terms
of Hausdorff measure. On the other hand, we also prove that the sets with zero capacity have
generalized Hausdorff h-measure zero for a suitable gauge function h.
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1. Introduction
In this paper, we study the relation between Triebel-Lizorkin capacities in metric settings and
the Hausdorff measure, see Theorem 3.6 and Theorem 3.7. The definition of Triebel-Lizorkin
capacity is taken from [5] and it is based on the pointwise definition of fractional s-gradients
and Haj lasz-Triebel-Lizorkin space M sp,q(X), 0 < s < ∞ and 0 < p, q ≤ ∞, introduced in [10].
The Triebel-Lizorkin capacity of a set E ⊂ X is
CapMsp,q (E) = inf
{
‖u‖pMsp,q(X)
: u ∈ A(E)
}
,
where A(E) = {u ∈ M sp,q(X) : u ≥ 1 on a neighborhood ofE}. The relation between Sobolev
capacity and Hausdorff measure has been studied in [1, 7, 9], whereas the relation between Besov
capacity and Hausdorff measure has been studied in [2, 11, 12]. We also give an estimate on the
exceptional set of Lebesgue points of functions in fractional Sobolev spaceW s,p(X), 0 < s, p < 1,
see Theorem 3.8 and the discussion prior to that.
2. Notations and Preliminaries
We assume throughout that X = (X, d, µ) is a metric measure space equipped with a metric
d and a Borel regular outer measure µ. A Borel regular measure µ on a metric space (X, d) is
called a doubling measure if every ball in X has positive and finite measure and there exist a
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constant cd ≥ 1 such that µ(B(x, 2r)) ≤ cd µ(B(x, r)) holds for each x ∈ X and r > 0. We call
a triple (X, d, µ) a doubling metric measure space if µ is a doubling measure on X.
In this article, we will use the concept of γ-median instead of integral averages, introduced in
[13].
Definition 2.1. Let 0 < γ ≤ 1/2. The γ-median mγu(A) of a measurable, almost everywhere
finite function u over a set A ⊂ X of finite measure is
mγu(A) = sup{M ∈ R : µ({x ∈ A : u(x) < M}) ≤ γµ(A)}.
We will mention here some basic properties of medians collected from [12, Lemma 4.2 &
Remark 4.6].
Lemma 2.2. Let 0 < γ ≤ 1/2 and A ⊂ X. Then for two measurable functions u, v : A → R,
the γ-median has the following properties:
(a) If γ ≤ γ′, then mγ
′
u ≤ m
γ
u,
(b) If A ⊂ B and µ(B) ≤ Cµ(A), then mγu(A) ≤ m
γ/C
u (B),
(c) If c ∈ R, then mγu + c = m
γ
u+c,
(d) |mγu(A)| ≤ m
γ
|u|(A),
(e) If u ∈ Lp(A), p > 0, then
mγ|u|(A) ≤
(
γ−1−
∫
A
|u|p dµ
)1/p
,
(f) If u is continuous, then for every x ∈ X,
lim
r→0
mγu(B(x, r)) = u(x).
Let us recall the definition of Lebesgue points based on the medians.
Definition 2.3. Let 0 < γ ≤ 1/2 and u be a measurable, almost everywhere finite function. A
point x ∈ X is a generalized Lebesgue point of f, if
lim
r→0
mγu(B(x, r)) = u(x).
We use the pointwise definition of Triebel-Lizorkin space based on the fractional s-gradients,
introduced in [10].
Definition 2.4. Let S ⊂ X be a measurable set and let 0 < s <∞. A sequence of nonnegative
measurable functions (gk)k∈Z is a fractional s-gradient of a measurable function u : S → [−∞,∞]
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in S, if there exists a set E ⊂ S with µ(E) = 0 such that
(2.1) |u(x)− u(y)| ≤ d(x, y)s (gk(x) + gk(y))
for all k ∈ Z and for all x, y ∈ S\E satisfying 2k−1 ≤ d(x, y) < 2k. The collection of all fractional
s-gradient of u is denoted by Ds(u).
Let S ⊂ X be a measurable set. For 0 < p, q ≤ ∞ and a sequence ~f = (fk)k∈Z of measurable
functions, we define
‖(fk)k∈Z‖Lp(S,lq) =
∥∥‖(fk)k∈Z‖lq∥∥Lp(S)
where
‖(fk)k∈Z‖lq =


(
∑
k∈Z |fk|
q)1/q, when 0 < q <∞,
supk∈Z |fk|, when q =∞.
Definition 2.5. Let S ⊂ X be a measurable set. Let 0 < s < ∞ and 0 < p, q ≤ ∞. The
homogeneous Haj lasz-Triebel-Lizorkin space M˙ sp,q(S) consists of measurable functions u : S →
[−∞,∞], for which the (semi)norm
‖u‖M˙sp,q(S)
= inf
~g∈Ds(u)
‖~g‖Lp(S,lq)
is finite. The (non-homogeneous) Haj lasz-Triebel-Lizorkin space M sp,q(S) is M˙
s
p,q(S) ∩ L
p(S)
equipped with the norm
‖u‖Msp,q(S) = ‖u‖Lp(S) + ‖u‖M˙sp,q(S).
Note that, when 0 < p < 1, the (semi)norms defined above are actually quasi-(semi)norms.
We recall that the generalized Hausdorff h-measure is defined by
Hh(E) = lim sup
δ→0
Hhδ (E),
where
Hhδ (E) = inf
{∑
h(ri) : E ⊂
⋃
B(xi, ri), ri ≤ δ
}
,
where h : [0,∞)→ [0,∞ is a non-decreasing function such that limt→0+ h(t) = h(0) = 0, see [8].
For the convenience of reader we state here a fundamental covering lemma (for a proof see
[3, 2.8.4-6] or [16, Theorem 1.3.1]).
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Lemma 2.6 (5B-covering lemma). Every family F of balls of uniformly bounded diameter in a
metric space X contains a pairwise disjoint subfamily G such that for every B ∈ F there exists
B′ ∈ G with B ∩B′ 6= ∅ and diam(B) < 2 diam(B′). In particular, we have that
⋃
B∈F
B ⊂
⋃
B∈G
5B.
3. Main results
Before we go to our main results, let us recall some lemmas from the literature, which will be
used to prove the main results.
Lemma 3.1 ([4], Lemma 3.10). Let 0 < s < 1, 0 < p < ∞, 0 < q ≤ ∞ and S ⊂ X be a
measurable set. Let u : X → R be a measurable function with (gk) ∈ D
s(u) and let φ be a
bounded L-Lipschitz function supported in S. Then sequences (hk)k∈Z and (ρk)k∈Z, where
ρk = (gk‖φ‖∞ + 2
k(s−1)L|u|)χsuppφ and hk = (gk + 2
sk+2|u|)‖φ‖∞χsuppφ
are fractional s-gradients of uφ.Moreover, if u ∈M sp,q(S), then uφ ∈M
s
p,q(X) and ‖uφ‖Msp,q(X) ≤
C‖u‖Msp,q(S).
Corollary 3.2 ([4], Corollary 3.12). Let 0 < s < 1, 0 < p <∞ and 0 < q ≤ ∞. Let φ : X → R
be an L-Lipschitz function supported in a bounded set F ⊂ X. Then φ ∈M sp,q(X) and
‖φ‖Msp,q(X) ≤ C(1 + ‖φ‖∞)(1 + L
s)µ(F )1/p
where the constant C depends only on s and q.
Lemma 3.3 ([12], Theorem 4.5). Let 0 < γ ≤ 1/2, 0 < p <∞ and 0 < q ≤ ∞. If u ∈M sp,q(X),
then there exist a constant C > 0 and a sequence (gk)k∈Z such that
(3.1) inf
c∈R
mγ|u−c|(B(x, 2
−k)) ≤ C2−ks
(
−
∫
B(x,2−k+1)
gpk dµ
)1/p
for every x ∈ X and k ∈ Z. In fact, for given any (hj)j∈Z ∈ D
s(u), we can choose
(3.2) gk =

 ∑
j≥k−2
2(k−j)s
′p′hpj


1/p
,
where 0 < s′ < s and p′ = min{1, p}. Moreover, there exists a constant C1 such that
(3.3) ‖(gk)‖Lp(lq,X) ≤ C1‖(hj)‖Lp(lq ,X).
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Lemma 3.4 ([12], Theorem 4.8). Let 0 < s < 1, 0 < p, q < ∞ and E ⊂ X be a compact set.
Then
CapMsp,q(E) ≈ inf{‖u‖
p
Msp,q(X)
: u ∈ A′(K)},
where A′(K) = {u ∈ A(K) : u is locally Lipschitz}.
Note that the above lemma is proved in [12] for Haj lasz-Besov spaces, but the proof for Haj lasz-
Triebel-Lizorkin spaces is exactly the same.
Lemma 3.5 ([5], Lemma 6.4). Let 0 < s < ∞ and 0 < p, q ≤ ∞. Then there exist c ≥ 1 and
0 < r ≤ 1 such that
(3.4) CapMsp,q
(⋃
i∈N
Ei
)r
≤ c
∑
i∈N
CapMsp,q (Ei)
r
for all sets Ei ⊂ X. Actually, (3.4) holds with r = min{1, q/p}.
Our first result is the following:
Theorem 3.6. Let 0 < s < 1, 0 < p <∞ and 0 < q ≤ ∞. Then for any E ⊂ X, there exists a
constant C such that
CapMsp,q(E)
θ ≤ CHh(E),
where θ = min{1, q/p} and h(B(x, ρ)) =
(
µ(B(x,ρ))
ρsp
)θ
.
Proof. First let us show that, for x ∈ X and 0 < r ≤ 1, there exists a constant C1 such that
(3.5) CapMsp,q(B(x, r)) ≤ C1
µ(B(x, r))
rsp
.
Indeed, let us define a function u : X → R by
u(y) = min
{
1,
dist(y,X \B(x, 2r))
r
}
.
Clearly, u is a 1r -Lipschitz function supported in B(x, 2r) which takes 1 in B(x, r) and 0 ≤ u ≤ 1
on X. Hence, from Corollary 3.2 and the doubling property of µ, we obtain
CapMsp,q(B(x, r)) ≤ ‖u‖
p
Msp,q(X)
≤ C1
µ(B(x, r))
rsp
.
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Now, let {B(xi, ri)}i∈N be a covering of the set E such that ri ≤ 1 for all i. Then from Lemma
3.5, we get
CapMsp,q(E)
θ ≤
[
CapMsp,q(∪iB(xi, ri))
]θ
≤ c
∑
i
[
CapMsp,q B(xi, ri)
]θ
≤ C2
∑
i
[
µ(B(xi, ri))
rspi
]θ
.
After taking the infimum over all the coverings {B(xi, ri)}i∈N of E, we conclude the theorem. 
Our main result is the following:
Theorem 3.7. Let x0 ∈ X, 0 < R < ∞ and assume that B(x0, 8R) \ B(x0, 4R) is nonempty.
If for every compact set E ⊂ B(x0, R), CapMsp,q(E) = 0, where 0 < s < 1, and 0 < p, q < ∞,
then Hh(E) = 0 whenever
h(B(x, ρ)) =
µ(B(x, ρ))
ρsp
log−p−ǫ(1/ρ)
for any ǫ > 0.
Proof. For simplicity, we assume that R = 2−m for some m ∈ Z. Let E ⊂ B(x0, 2
−m) be a
compact set. By Lemma 3.4, we get a locally Lipschitz function v ∈M sp,q(X) which satisfies
‖v‖pMsp,q(X)
≤ C CapMsp,q(E) + δ
for every δ > 0 and also v ≥ 1 on a neighborhood of E. By taking another Lipschitz function ψ
which satisfies ψ = 1 on B(x0, 2
−m) and ψ = 0 outside B(x0, 2
−m+1), we consider u = vψ. Note
that u ∈ M sp,q(X) is Lipschitz and u ≥ 1 on a neighborhood of E. By Lemma 3.1, there exists
(gk)k∈Z ∈ D
s(u) such that gk is supported in B(x0, 2
−m+1) and
(3.6) ‖(gk)‖
p
Lp(lq,X) ≤ C1‖v‖
p
Msp,q(X)
≤ C2(CapMsp,q(E) + δ).
In fact, we can choose (gk) so that it satisfies (3.1) and the inequalities (3.2) and (3.3) ensure
that gk is supported in B(x0, 2
−m+1) and satisfies (3.6).
Let x ∈ E. Then
(3.7) 1 ≤ u(x) ≤ |u(x) −mγu(B(x, 2
−m))|+ |mγu(B(x, 2
−m))|.
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Since u is continuous, x is a generalized Lebesgue point of u. Therefore, by using the properties
of γ-median, we obtain
|u(x)−mγu(B(x, 2
−m))| ≤
∑
k≥m
|mγu(B(x, 2
−k−1))−mγu(B(x, 2
−k))|
≤
∑
k≥m
mγ
|u−mγu(B(x,2−k))|
(B(x, 2−k−1))
≤
∑
k≥m
m
γ/cd
|u−mγu(B(x,2−k))|
(B(x, 2−k))
≤ 2
∑
k≥m
inf
c∈R
mγ
′
|u−c|(B(x, 2
−k)),
where γ′ = min{γ, γ/cd}. We use Lemma 3.3 to conclude
|u(x)−mγu(B(x, 2
−m))| ≤ C
∑
k≥m
2−ks
(
−
∫
B(x,2−k+1)
gpk dµ
)1/p
.
Let y ∈ B(x, 2−m) \ F and z ∈ (B(x0, 2
−m+3) \ B(x0, 2
−m+2)) \ F, where F is the exceptional
set from Definition 2.4. Note that 2−m ≤ d(y, z) < 2−m+4. After defining g = max{gk : m− 4 ≤
k ≤ m− 1}, we obtain
|u(y)| = |u(y)− u(z)| ≤ d(y, z)sg(y) ≤ 2s(−m+4)g(y).
Again by using the properties of median, we get
|mγu(B(x, 2
−m))| ≤ mγ
2s(−m+4)g
(B(x, 2−m))
≤ C2−msmγg(B(x, 2
−m))
≤ C
m−1∑
k=m−4
2−ks
(
−
∫
B(x,2−k+1)
gpk dµ
)1/p
.
Using these estimates in (3.7), we obtain
1 ≤ C
∑
k≥m−4
2−ks
(
−
∫
B(x,2−k+1)
gpk dµ
)1/p
≤ C
∑
k≥m−4
2−ks
(
−
∫
B(x,2−k+1)
‖(gj)j∈Z‖
p
lq dµ
)1/p
.(3.8)
Set M = Cp(log 2)−p−ǫ
(∑
k≥m−4
1
(k−1)1+ǫ/p
)p
, which depends only on ǫ, p and m. If for every
k ≥ m− 4,
M
∫
B(x,2−k+1)
‖(gj)j∈Z‖
p
lq dµ <
µ(B(x, 2−k+1))
2(−k+1)sp
log−p−ǫ
( 1
2−k+1
)
,
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then (3.8) becomes
1 <
C
M1/p
(log 2)
−1− ǫ
p
∑
k≥m−4
(k − 1)−1−
ǫ
p ,
which is a contradiction. Therefore, there exists a kx ≥ m− 4 such that
M
∫
B(x,2−kx+1)
‖(gj)j∈Z‖
p
lq dµ ≥
µ(B(x, 2−kx+1))
2(−kx+1)sp
log−p−ǫ
( 1
2−kx+1
)
.
By 5B-covering lemma, pick a collection of disjoint balls Bi = B(xi, 2
−kxi+1) such that E ⊂
∪i5Bi. Now, summing over i,
M‖(gj)j∈Z‖
p
Lp(X,lq)
≥
∑
i
µ(Bi)
rad(Bi)sp
log−p−ǫ
(
1
rad(Bi)
)
,
where M is independent of u, g. Since CapMsp,q(E) = 0, we see from (3.6) that ‖(gj)j∈Z‖
p
Lp(X,lq)
can be made arbitrarily small and hence Hh∞(E) = 0. 
For s ∈ (0, 1) and p ∈ (0,∞), the fractional Sobolev space is the space of all u ∈ Lp(Rn) such
that
‖u‖W s,p(Rn) :=
(∫
Rn
|u(x)|p dx+
∫
Rn
∫
Rn
|u(x)− u(y)|p
|x− y|n+sp
dx dy
)1/p
<∞.
We prove here, using the idea of [15], the existence of Lebesgue points for W s,p(Rn), when
s ∈ (0, 1) and p < 1. When p ≥ 1, we know that W s,p(Rn) = F sp,p(R
n) =M sp,p(R
n), [10, 14] and
hence in this case, Theorem 3.7 together with [5, Theorem 1.2] give the existence of Lebesgue
points. Also see [6] for a similar result in metric spaces.
Theorem 3.8. Suppose u ∈ W s,p(Rn), s, p ∈ (0, 1). Then the generalized Lebesgue points exist
outside a set of Hh-measure zero, where h(t) = tn−sp log−p−ǫ(1/t) for any ǫ > 0.
Proof. For x ∈ Rn, set
g(x) = sup
j∈N
2js
(
−
∫
B(x,2−j)
|u(z) −mγu(B(x, 2
−j))|p dz
)1/p
.
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For each j, using the properties of medians, we have
−
∫
B(x,2−j)
|u(z) −mγu(B(x, 2
−j))|p dz
≤ −
∫
B(x,2−j)
|u(z) − u(x)|p dz + |u(x)−mγu(B(x, 2
−j))|p
. −
∫
B(x,2−j)
|u(z) − u(x)|p dz
. 2−jsp
∫
B(x,2−j)
|u(z)− u(x)|p
2−j(n+sp)
dz
. 2−jsp
∫
B(x,2−j)
|u(z)− u(x)|p
|z − x|n+sp
dz.
Hence
g(x) .
(∫
Rn
|u(z)− u(x)|p
|z − x|n+sp
dz
)1/p
,
which implies that ||g||Lp(Rn) . ||u||W s,p(Rn) <∞.
For each j, choose a ball B(xj, 2
−j−2) ⊂ B(x, 2−j) \B(x, 2−j−1). For each z ∈ B(xj, 2
−j−2), we
have B(x, 2−j−1) ⊂ B(x, 2−j) ⊂ B(z, 2−j+2) and hence, by using the properties of medians,
|mγu(B(x, 2
−j))−mγu(B(x, 2
−j−1))|
≤ |mγu(B(x, 2
−j))−mγu(B(z, 2
−j+2))|+ |mγu(B(x, 2
−j−1))−mγu(B(z, 2
−j+2))|
.
j∑
l=j−1
(
−
∫
B(x,2−l)
|u(ω)−mγu(B(z, 2
−j+2))|p dω
)1/p
.
(
−
∫
B(z,2−j+2)
|u(ω)−mγu(B(z, 2
−j+2))|p dω
)1/p
. 2−jsg(z),
which implies that
|mγu(B(x, 2
−j))−mγu(B(x, 2
−j−1))| .
2−js
|B(xj , 2−j−2)|1/p
(∫
B(xj ,2−j−2)
[g(z)]p dz
) 1
p
. 2−j(s−n/p)
(∫
B(x,2−j)
[g(z)]p dz
) 1
p
.
Therefore, for l,m ∈ N with l > m,
(3.9) |mγu(B(x, 2
−l))−mγu(B(x, 2
−m))| .
l−1∑
j=m
2−j(s−n/p)
(∫
B(x,2−j)
[g(z)]p dz
) 1
p
.
Let h1(t) = t
n−sp log−p−ǫ/2(1/t). If
∫
B(x,r)[g(z)]
p dz ≤ Ch1(r) for some constant C and for all
sufficiently small 0 < r < 1/5, then {mγu(B(x, 2−j))}j is a Cauchy sequence, by (3.9). We would
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like to show that the set
Eǫ =
{
x ∈ Rn : there exists arbitrarily small 0 < rx <
1
5
such that
∫
B(x,rx)
[g(z)]p dz ≥ Ch1(rx)
}
has Hausdorff h-measure zero. Towards this end, let 0 < δ < 1/5. By using 5B-covering lemma
we obtain a pairwise disjoint family G consisting of balls as above such that
Eǫ ⊂
⋃
B∈G
5B,
where diam(B) < 2δ for B ∈ G. Then
Hh110δ(Eǫ) ≤ C
∑
B∈G
h1 (rad(B))
≤ C1
∑
B∈G
∫
B
[g(z)]p dz
≤ C1
∫
⋃
B∈G
B
[g(z)]p dz <∞.
It follows that Hh1(Eǫ) <∞ and hence H
h(Eǫ) = 0. This shows that limr→0m
γ
u(B(x, r)) exists
outside Eǫ with H
h(Eǫ) = 0, where h(t) = t
n−sp log−p−ǫ(1/t). 
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